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T.hls paper derives an alter lax version of the Capital Assel Pricing Model. The moded m 3
for a progressive tax scheme and for wealth and income related constraints on borrowing The
equilibrium relationship indicales that befare-tax expected rates of return are linearly related to
systematic rsk and to dividend yield The fample estimates of the vanances of observed betas
are used 1o arrive al maximum likelibood estimators of the coclficients. The resclts indicate that,
ualke prior studicy, there is a strong positive relafionship between dividend yicld :n-d :1pq\;|nj
return for NYSE stocks. Evidence is a.l:.-:r presented lor a clientele-effect. !
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1. Introduction i

The cffect of dividend policy on the prices of equity securitics has been an
issue of interest in financial theory. The traditional view was that mmdiuu
prefer a current, certain return in the form of dividends to the uncertain
praspect of future dividends. Conscquently, they bid up the price of high
yield securities relative 1o low yield securities [see Coitle, Dodd and Graham
(1962) and Gordon (1963)]. In their now classic paper Miller and Modighian
{1961) argued that in a world without taxes and transactions costs the
dividend policy of a corporation, given its invesiment policy. has no cffet on
the price-of its shares. In a world where capital gains receive preferentia
treatment relative 1o dividends, the Miller=Modiglhiari Cirrelevance  pro
position” would seem. 1o break down. They argue, however, that sinoe a
rales vary across investors cach corporation would attract to itsell a clientek
of investors that most desired its dividend policy. Black and Scholes (19M
asserl that corpornti?ns would adjust their payout policies until in equlibs

*We thank Roger Clarke, Tom Foregger, Bull Schwert, Wilkam Sharpe, aod the referre
Michael Brennan, for belplul comments, and him Starr for computational suoiame. F AR
remaining errors are the suthory’ responsbility,
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rium the spectrum of policies offered would be such that any ong firm is
unable to affect the price of its shares by {marginal) changes in its payout

policy. ) i
In the absence of taxes, capital asset pricing theory suggests that in-

dividuals choose ‘mean-variance efficient: portfolios. Under. personal income -

taxes, individuals would be expected to choose portfolios that are mean-
_*variance efficient in a.l'l:li'-tax rates of return. However, the tax laws in the
United States are such that some economic units (for example, corporations)
would seem to prefer dividends relative to capital. gains. Other units (for
example, non-profit arg;}n}mtions] pay no taxes and would be indifferent to
the level of yield for a given level of expected return. The resulting effect of
dividend yield on common stock prices seems to be an empirical issue.
Brennan (1973) frst proposed an extended form of the single period
Capital Asset Pricing Model that accounted for the taxation ‘of dividends.
Under the assumption of preportional individual tax rates (not a function of
income), certain dividends, and unlimited borrowing at the riskless rate of
interest (among others) he derived the following equilibrium relationship:

EtR)—r =bfi+cid—r,) (1)

where R, is the before tax total return to security i, ff; is its systematic risk, b
=[E(R.)—r,—zld.—r,)] is the alter-lax excess rale of return on the
market portfolio, ry is the return on a riskless asset, d; is the dividend yield
on securtly i and the subscript m denotes the market portfolio. £ is a positive
coeflicient that accounts for the taxation of dividends and interest as
ordinary income and 1axation, of eapital gains at a preferential rate. i

In empirical 1ests [of the form (1)] to date, the cvidence has becn
immconsistent. Black and Scholes (1974, p. 1) conclude that

i e [ o ] )
...t is not possible 1o demonstrate that the expecfed returns on high
vield common stocks differ from the expecied returns on low yield
common stocks either before or afler taxes.

Alternatively, stated in terms of the Brenn el, their tests were not
‘sufﬁﬁtnt!j‘ powerful either to reject the hypgthesis thi? =0 or to reject the
Chypothesis that =05, Rmcnhi::‘g and Mafathe (1978) autribute the lack of

power in the Black-Scholes lest 1o {a) e loss in efliciency from grouping

stecks into portfolios and (b) the incficiency of their estimating procedures,
which are equivalent to Ordinary Least Squares. Using an instrumental
variahles approach to the problem of errors in variables and a.more

complete speafication ef the variance covariance matrix (ol disturbances in

the regression), Rosenberg iqd Marathe find that the dividend term. i3
statistically significant. Both the Rosenberg and Marathe and the Black and
- Scholes studies use an average dividend yield from the prior twelve month
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pcn‘odras a surr&!ale for the expected dividend yield. Sifice most dn-ndmh
are paid quarterly, their proxy understates the expected dividend yield.ig ex-
" dividend months dnd overstates it in those months that qlsmck does ot 3
ex-dividend, thereby reducing the efficiency of-the estimatell ‘coefficient ¢ ’:f:
¢ dividend Iyield term. Both studies (Rosenberg and Mafmhe in using in-
strumental variables, and Black-Scholes i i trifice efficency |
achieve consistency. ' - ﬁ- % g:m;.l.pmg] sar c{ :0
The present paper derives an after-tax version of the Capital Asset Pricin
rrin-del that .accounts for a progressive tax scheme a;nd{ both wealth Lu:‘.g
income related constraints on borrowing. Alternative econometric procedures
e _are used 1o test the implications of this model Unlike prior tests of the
CﬁP_'M, the tests here use the variance of the observed rbctas—m arrive at-
maximum likelihood estimators of the coefficients. Consistent estimators arg
ajt:t.aunod Iulrithout loss of efficiency. Also, for ex-dividend months the ::pcl:tad :
fdl"lr'ldgnd yn_:T{_i ha.sed’_cn prior information is used, and for other months the -
/ expected dividend yield is set equal to zero. While the estimate of the
\coefficient of dividend yield is of the same order of magnitu8e as that found
“n_Black and Scholes, and lower than that found by Rosenberg and Marathe,
the t-value is substantially larger, indicating a substantial increase in
et‘!‘rcncncy. Furthermore, the tests are consistent with the existence of ‘a
ch._:m:_]e effect, indicating that the aversion for dividends i-éhti;: 1o capitgl
gains is lower for high yield stocks and higher for-low yield stocks. This is
consistent with the Elton and- Gruber {1970) :-mEmr.z! tesults on the ex-
dividend behavior of common stocks. : g

 This section derives a version of the Capital Asset Pr}:ms Model that
| accounts for the tax treatment of dividend and interest! incorbe andér a
progressive taxation scheme. Two types of constraints on individual borrow-
ing are imposed. The first constrains the maximum interest on riskless
borrowing to be equal to the individual's dividend income. and the second is -
a margin requirement that restricts the fraction of security boldings tHat may
be financed through borrowing. In previous published work, Brennan (1973)
* .derives anafter-tax version of the Capital Asset Pricing Model with
unlimited borrowing and with constant tax rates which ?my VAry across
individuals.'! Under his model when interest on bum:wind' excerds dividend”
income the investor would pay a negative tax. The 1b¢w~etm] micdel
'Brennan |1‘ﬂ'ﬂ} alg denves a model wis 1 [ T
contidens constrainty on borowing nor the Inizmm:u;.:dmﬁmwﬁ. mh s
::w‘iwmﬁ'w::nn!m:hmtm the interest tax 1o dividend inkome
il whous s pymets ced o St e e by b
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* developed here may be viewed as E.n'c;.l:nsiﬂl:l of the Brennan a aI:.r:ls to
account for constraints on borrowing along with a progressive tax scheme..
Special cases of the model are examined, where 1I:1:r'|nmmc related constraint

" and/or the margin constraint on individual borrowing are r:mm'cd:

The following assumptions are made: i -

(A.1) Individuals’ Yon ﬁcumann-.‘ﬁnrgenst:rn utility lunctions are mono- -

' \ope increasing strictly concave f-ghm.:l.inns of after-tax end ' of period
._.x_gp';n::ti:y raics.lul' return have a multivariate nulrn'_ual distribution.
(A.3)-There are no transactions costs, and no restrictions on the short sale

of securities, and individuals are price takers.

{A.4) Indiyiduals have homogeneous expectations.

{A.5) All assets are marketable. _ . o

iskless asset, paying a constant rate ry, €Xisis. )

::3; Elﬂ:ﬁs on srcuriti.%:s are paid at 'lhi end of the period and are

known with certainty at the beginning of the period. _

{A.B) Income taxes are progressive and the marginal tax rate is a con-

tinuous function of taxable income. " e
{A.9) There are no taxes on capital gains. = :
{A.10) Constraints on individuals’ borrowing are of the form: ok
{i] A constraint that the inlerest on bormwigig'cannmtc_xc:cd dp.n-
dend income, called the income constraint on borrowing. and/or
{i1) a margin constraint that the lndividt}a]‘s net wc-rlh_bc_ at Itla{.t a
given fraction of the market x'alur;_ ol his hnli:!lngs of nisky
securities, B

Assumptions (A.]) through {A.6) are standard assumptions of 1II1¢ Capital
Asset Pricing Model. Assumptions (A.1) and {A.2) taken together imply that
prcﬁ:r;.-n:cs can be described over the mean and the variance of after-lax end

. of period wealth. Under these conditions individuals prc_l‘:r more mean
reiurn and are averse to the variance of return. The individual's marginal
rate of substitution between the mean and variance of after-tax end of pcripd
wealth, “at the optimum, can be written as the ratio of his _g!la‘_r-a}l ns‘k
wolerance to his imitial period wealth, That is, il u, [IW4) is the kth mdwu_iualf
wtibity function m terms of after-tax end of period wealth, (s ) is his
uhp.‘!-ﬂi}: function in terms of the mean and variance of the alter-tax.
portfaho return, and W 1s his inial wealth,

-

fi=2fy=tt W )

where P —E(w} E(u”) is the individual's global risk tolerance ‘Inl, l_h:
optimum [swe Gonzalez-Gaverra (1973) and Rubinstein (1973)]. (A.7) implies
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t the begir and paid at n.tE :
end. Since firms display relatively stable dividend policiesi this may be'a’
reasonable approximation for a monthly holding period. ., f 1" . i}
" Assumption (A.8) closely resembles the tax treatment of ordinary dividends!
in the US. The $100 dividend exclusion is ignored; the _small
magnitude of the exclusion implies that for the majority of $tockholders the!
marginal tax rate applicable to ordinary income is the as that applied’ -
to dividends. Assumption (A.9) abstracts frqgisthe effects bf capital gains’
taxes. Sincé capital gains are taxed only upon Fcalimtinn, 1 treatment in'a’
single period model is not. possible, It is, however, straightforward 10 model'a .
[capital gains tax on an accrual basis [see Brennan (1973)]. Sihce most caput;d: <
gains go unrealized for long periods, this would tend to overstate the effect bf!
the actual tax. Noting that the ratio of realizations 19 ‘accruals is small, and |
that capital gains are exempt from tax when transferred [by inheritance, |
Bailey (1969) has argued that the effective 1ax is rather mﬁ]{l -
{  Under assumption (A.8), the kth individual's axerage tax rate, r*, is a non- |
me Y, " a0

e =

r'=g(¥}),
gl0)=0,

girt)=0 for- Yis=0, : . o
¥Yi=Q A (3)

\ >0 for
The kth individual's marginal tax rate, wnitten T:‘, s the E::sl derivative ?f
taxes paid with respect 1o taxablé income. This is equal 1o the average tax |
rate plus the product of taxable income and the derivative of 1he average tax -
rate, : !

1

Trad(P Y )dY) =+ Y g (1 A

The margin ‘constraint in assumption (A.10-ii) resembles institutional
margin restrictions. By {A.10-i), borrowing is constrained wp to a point
where interest paid equal dividends received. This constraint incorporates the
casual empirical observation that loan applications require jnfarmation on
income (which this constraint accounts for) in addition to information on
wealth (which the margin constraint accounts fork Ope ar both of the
constraints may be binding, lor a given individual This f-:rr'nul.ttirgn,_ allows
the analysis of an equilibrium with both constraints, with c-nl_v one of them

imposed or with no borrowing constraints, | . :
The lollowing notation is employed: : C
R,  =the total before tax rate of return on security i, to the ratié

of the value of the security at the end of the period ‘plus dividends
over ils current \-nh!rn. less one, & !

-
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d . '=the dmdmd yield» on semmy i cqual to lh: duII,m' dmdcnd :
(]

; divided by the current pnoc, | e
X: =the fraction of the kih individual's wea]th inves

© asset, i=1%...N (a negative value is a shnn1sa.! | !

X3 —the fraction of the kth individual's wealth mw!tnd in the safe ' -

" asset {a negative value indicales borrowing), J et
'.';'E" . L 1he before-tax rate of return on the kth individual’s portfolio,
Hf" =the ki individual's initial wealth, and :
f ‘Lui;allzlhc kih individual's expected wtility function dgcﬁntd over the

in the lth nskj' '

- mean and vanance of at‘ter tax portfolio return, g, and as,

Tﬁ-pﬁ:m ely. . .

The kth mdmduals ordinary income is then

.

.5. ]
(5 ‘

i F’:‘:ﬁ"(z,‘.‘fdﬁ x}r,).‘,- g |
o | !
The mean after-tax return on the individual's portfoliois | %
m=Y XIEtR)+ X}r; ;:‘(E,‘f}dﬁqu). : i6)
¥ l'\ !

" and under assump:mn AT :]'u: vaniance of after-tax return is

& '}_Et"f‘cmiﬁ -d R, a‘r"}

I i

Hy assumption (A 10-4) the income constraint on borrowing is

s
u"{ix:dﬁx;r;}aﬂ. - (8)
b
.:m;i the margin constraint on borrowing is
H"{u -nzx:+x}}gﬂ. : (9)

where #: D<z<1, is the margin requirement oh the individual. As pointed
~ out earlier, one or both of these constraints may be binding.

The kth individuals opunm;:mn problem| is stated in terms ol the
i

1 »
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f::-l!uwmg Lag;ranglan s N i {1
H .‘t’.‘"‘sf"{;{,?afH-if[l_.—E x.*—x}] Lega i {lﬂ}i .
v an J . G i 4 % 3
+AE{Ede';+X}r,—-5‘§J+i’;[[l—:]Zx. +x% -5,*}
i i = i
“'h:EIE 5 i S i
&y =the Lagrange multiplier on the kth individual's budge,—
- A‘I,_S‘g—lhc Lagrange multiplier and non-ncgative slack variable for thr:
o income related constraint ‘on the kth individual's| borrowing, re-
; spectively (when the constraint is binding =0 “51=0, and: -
Lol when it is not binding 44 =0 and 5% =0), and lm :
4+S3~=the Lagrange .multipler and non-negative slack v bles for the
margin constraint on the kih individuals borromlr_ r‘ﬁpcctn:l!
. again if the constraint :s binding (nol binding], h:‘l ) O and
i si=(z)0 o ;
The sla.hunarjr points satisfy the ful]omng fi m order m-rd:thuns'
f.{‘ f
- {E(R,)- [:*+1 gn*;]d,}—hu,.: | -
Xt |
+£§[I—=]!+EI“"-\‘m1-[Ri.R1 o, bl (Y
” o {. ;
ik . | . :
i g i - T E : :
o ==+ Yy '[1"‘ }]rf}—}.':+i'_krr+i5-fu (12 .
' u'.h_crc =& Mpy. a8 Ve, fz_rf'{;l,. 1'¢o;y. The other Frst order con-
{ -ditions ar: the constraints and specify lhc signs of the Lagrangian multipliers
} and are omitted here, The prugrmw: nature of the tax sdm-ne [assumption:
(A.8)] ensures that the mean variance efficient frontier in. l.{tcr-tu terms is
concave, and this together with) risk aversion from asswmption (A. §) s
sufﬁmcnt to guaraniee the sccond order conditions for a muimum.
“Recall the following relationships: (i) the marginal tax rate, T
[+ ¥\ g'()). (ii) the covariance ¥, X} cov(R, R,)w mqﬁ,\ﬂ*].. and Gt} the
global risk tolerance .‘.?'-rl’a‘{j'.l—‘-’_;',}. Subl:ractms rci.ltm i i‘mm
relation (11} and re-arranging terms yields i
{ "
{Etﬂ,}-r,}-:[iﬂj*]+4,Hr"-ﬂ"]ms[RnR:l | ]
HIT =BT, } a3
Wt Jof
Relation (13) must be satisfied for thc mdmdu:l':. wnroho nbt!ﬁi‘um. '* bis
| {1-
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« Market .i'qu.i!'ibrium requires tha
that markéts clear. For markets
implies the conservation relation (14)
average of all individuals’ portfolios be equal 1o

1o clear all assets have to be held Whlth
that requires the value weighted
th'l: market portfolio,

s wwmR=A. (14)

or

T WA = WeR...

where
Y Wha W
k . 1
elation (13) by @, summing over all in-

: both sides of r ; .
Multiplying bo o ion (14) and re-arranging terms yields

dividuals, using the conservation relat

Elﬁ,}—r;=u-‘-hﬁ,+t’{d,Tf';'l. (15)
where 2

g =coriR, R ) variR,).
’ as Y (i el S )

& L

hzvanR_ W= -

. . cz}_:l.t?ﬂ"['f"*l.igf.']- -

ir .-—-EI'J".

the intercept of the implied security market plane, is the

he 1 2 he weighted average of the ratios of

fractional margin requirement z himes | : ;
individual shadow prices on the margin constraint and the expected marginal

utilify of mean return. The weights, ((*/07), are pmlpnrt;una_l to 1!1‘:n'|d‘uuar':c
global risk tolerances. When 20 and the constraint is binding lor e
individuals, ;% >0 for some k a is posilive. Ir!. the absence _-:11' I::I‘LIIEI::I
requirements (2=0) or when the margin constraint is nol binding for’a

ndividuals, 4 =0 for all k), @m0, _
I Interpreting eq. (15) "o’ is the excess return on & zero beta portfolio

(relative 1o the market) whose dividend yield js equal 1o the riskless fate, 12,
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¢ relation (13) holds for all individuals, and | -

s

El

' 'yield equal to the riskless rate|of interest; ie;, b=[E(

relative risk aversion, i.e., b= var(

for. the market portfolio, b may be alternatively expréssed as b=[E(R.)-r,

—r'{d__—r_r}—_a]. If '¢’ is interprefed as a tax rate, b may be viewed as the
- expected after-tax rate of return on a hedge portfolio which is long the:
. market portfolio and short a poftfolio having a zero betd and a dividend.

J—ER)-cld,

—d.)]. The term ‘¢ is a weighted average of individual's tax rates; -
IL{E',-"H"}T':I‘ less the weighted, |average of the individual's ratios of
shadow price on the income refaled borrowing constraint the egpectéd

‘n:ﬁa,rginal utility of mean portfolio return ¥, (0%/8")4/f%) For. the cases.
ere the income related margin constraint is either non-existent or nob-|

binding for all individuals, ¢ is simply the weighted avgrage of marginal tax ¢

falﬁj.mi is positive. Otherwise, the sign of *c" depends on ¢1¢ magnitudes of
these two terms. Define B as-the set, of indices of those individuals k for
whom the income related construnl is binding: and define !;c {not B) as the
set of indices fog which the constraint is non-binding. Now for ke B, 23>0,
Yt =0and T*=r*=0. And for k&N, ;4 =0, ¥*=0and T*Z~ =0 Hence |

=LFPRER vt o[ .o
: :

i , i
_Fhe individuals in N may be »."I wed as a clientele that prt:l'as capital ga'rﬂs
to dividends. The individuals in £mar be viewed as a rJicnlil:!c that shows a
preference for dividends: in the context of this model, these individoals wish
to borrow more than the income related constraint. allows them, and:
increased dividends serve to increase their debt capacity without additional
tax obligations. To this point cc}pcrratc dividend policies have been treated
as exogenous in this model. )

Now consider supply adjustmedts by value maximiziag firms. If ¢>0
{e < 0) firms could increase 'Ihl:ir_rlrmr'kcl values by decreasing (increasing) cash
dividends and jncreasing (decreasing) share repurchases or decreasing (in-
crepsing) external equity Ilmntio:ns. Value maximizing firms (in absence of
any r:striclio;ﬁhc IRS may impose) would adjust the supply of dividends
until an equilibtium was ubtainn‘! where : .

{ | -
1

! i T l:
T @ = (@G !

[TEL LTT
! . ! {
When comdition’(17) is satisficd an individual firms dividend decision does
. : |

NG §
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befor€ tax rate of return on any security.?
Under unrestricted supply effects, =0 and lhe equ1l1bnum rcIatmnsh;p
{15) reduces to the before tax zero beta version of the Capltal Asset Pricing

Model: 4, | ‘1 i

& 1

ER)z {a+r;m—m+£m e g )

\fnte lhnt this' crbl:a.ms in 1he presence of taxes..Long {i‘}?ﬁ] has studied
conditions under which the before tax and after-tax mean variance eflicient
frontlers are identical for any individual. He does not, however, 5tud:|.r the
equilibrium as is donc here: for even though the before tax and after-tax
individual mean variance frontiers are not identical, [13} demumlrates that
'pI'ICC:S are foynd as if there is no tax effect.

In the case where there are no margin constraints, a=0, .and relation (18}
reduces to the before tax traditional Sharpe-Lintner version of Ihe Capital
Asset Pricing Model,

E(R)=r;+[E(RL)-r/B; e N

R:Iurn now o the case where the income related borromug constraint is
absent. Then. in (16} c=3, TH* 0" )=T, the ‘market’ margmal tax bra-
cket: and the relation reduces to an after-tax version of the Black (1972),
Lintner (1965), Vasicek (1971) zero beta model,

Em,f— T=d,=[r (1= T")+al(l - fi}+ (EQR.)—T"d,)B, tlﬂ!

When there is no margin eonstraint or when it is non-binding for ‘all

individuals, a=0, and relation 200 reduced to an after-tax version of the
Sh;:r_pc (1964}, Lintner {1963) model, E '

ER ) =T d,=[r (1 =T ]+ [ER)—T"d"—r (1 -T")1f,. (21)

However, in none of these cases is T a weighted average of individual

*Mime, however, that this equilibrium, where dividends do not affect before tax returns, may
nod exast. For example, 1the income constfaint may be binding for no one even when dividends
ate zero. If all individuals had the same endowments and had the ame un.li:g functions this
constraint would be non-tending for all individpals,

This argument s i the spirit of the ‘supply effect’ alluded 1o in Black and Scholes (1974)
Unlike the recent argument m Miller and Scholes (1977) for a zero dividend effect, the present
argument does not depend on an aruficial segmentation of accumulaters and non-accumulators,
and the exivence of taz-iheliered kending opporiunities with zero administrative costs. The
major problem with the argument bere is that with the exisience of 1wo distinet clienteles, one
preferring higher dividends and the other prelerring lower dividends, sharcholders would not

te on the difection in which firms should change their dividend. Thus the a.um:mn of value

:munn‘ behavior by lrmm does nol have a !.'tr\mlg theoreticel hais, |
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oot affect lls ma.rkl:l value, c= 0‘ and dlﬂdtﬂd yield has no P.fl'u:l on Ihc i
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. The variance of the column vector of disturbance terms, £=

average tax rates. It knnl:.r wherl taxes are s:mply proportional to m-::ome T i

that T*=¢", and relation (21) is| identical to. the nquil:huum implied - by
Brennan (1973), whn mumm a [constant tax rat: that may -:hﬂ:r msx
mvasmrs b 1: : PR B i

]

3. Empirical tests oy _
From the theory, the equilibrium specification to be tested

E{R-]'—-rjza+bﬂ;+cid -r) ' @)

B '
and in the absence of the inmmc rclzmi

The hypmh:s:s are a=0, b=0
constraint on bﬂrm'v-mg cx=0.
In obtaining econometric estimates of a, b and ¢, tuopr?blcm arise. Thc
first is thal expectations are not directly observed. The usual procedure is to
assume that expectations -are rational and that the pzm.mclérrs a, b and c are

constant over lime; the realized returns are used on the lefi-hand side |
[ i
_ |=-l fea {1

:_m

" a . . i
Ru_rn =y + it yilds—rp)+E,

| @

in p-cnr.:»d t, §, and d; qrc the wsicmmc
risk and the dividend yicld of|sccurity i in period 1 respectively. The
disturbance term &, is R, —E(#,), the deviation of the realized return from _
its expected value. The mﬂ“crcms Yo.¥y and 7, correspond 1o a, b and el
tEas n=l._, .
r=1,.., T}, is not prc-porucnal to the identity matrix, since ::prntcmpb»-
raneous Covariances b-ctwccn sécurity relurns are non-zEro, and r-:tum
variances differ across isecurities. {hot: that in order to conserve spact | ‘ : *

is used to denole-a -:Jlumn vector.) This means that ordinary least squa:::s. i

(OLS) estimators a.n:[mc[‘f’clenl. for either a cross-sectional regression in -
month , or a pooled time scnﬁ and cross-sectional regression. The | - |
computed variance of the OLS estimator (based on the assumption that the :

where &, is the return of security i

wvariance of £ is pmpcrr!mna] o 1Ih= identity matrix) is nol equal to the true,

varignee of the cstlmal::br d

The second pn:-bl:m is that the true population B are unobservable. Thm
usual procedure uses an estimatd from past data, and this estimate has &n.
associated measurement error. This means that the OLS estimates will h:
biased and inconsistent. The mtlho-d used in tackling these pmH:m ]
discussed in this section. | ' i

To fix matters, mume that data exist for nnu of retun, true betas Ifld %
for dividend yields in periods t1| i=12.. N, sccurities in uc'h
t=1,..., T. Define the vector of realized nm !'tturn.: as

i . 4o : L. i L} 1 WM T R 8 F )



1 .

1 i » _.'
L] i ] | 3 I
]14:’ R_H L;Lmhrmwx mm‘my. Tmi:nmﬁtmdmpun! _prjﬁn
LI j_‘ =T . ! 3
A 2 Rr}, i Ll b
Whﬂfﬁ |- i 3 i : i &

' E,'s{{Rn—rr.:lmz.—'r;.}{ﬁ- =rphess
d g ;
* and the matrices X of :xplanalcrry wﬁables as, .

i -

I[-E.\',r_rj:}}a

.{E{Xlx:,-.-ﬁ.x xrn

where ,.
- _1 ﬁll (’dll_r_fl:}
T By, " ldy—rf) .
X,= : ﬁ :r"r :
‘ L Bup riri) .

I

By defining the vector of regn:ssmn coefficients as [= {,u:-. ¥2} one can write
' the pooled time series and cross- -sectional regression as

- R=XT+E ' ' i (24)

It is assumed that

| E(e)=0,
and that -
Eifg)=V,

r

i

some symmetric positive definite matrix of order (N, x N,). It is also assumed | .

that security returns are serially uncorrelated, so that

Bié £,)=0 for i#s *
This means tha{ the variance-covariance matrix ¥ & E(£¢) is block diagonal,
with the off-diagonal blocks bemg_ zero, The matrices ¥ nppur: along the
r.iugnml of ¥ ‘
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it e e

: f : R.Jf .ﬂltﬂl‘lbﬂ'ﬂtrq.d
; l]t is wdl known'th lbe wstimy

and has ‘minimum variance is
Generalized Lcast Squar&s cstunal tGLS}, :-:' Tt o
S O b-dz o BT g e
E f‘ {x' ~1x)t 'Jr'V‘ ZEaeE i
: 7 % L 3 F b £ { ; = - i I in
Fmrm the qu-:k dmgu natu of ¥, it fol]qv.-s that p=1 is a]su bluclc A
diagonal. The matrices- Vil =1, T appear alongthe diagonal of V-1, - 3
with the off-diagonal I.‘rlocks being zero. Assuming that f' is an mtu‘t:mporal o
constant, [' can be estimated by | efficiently pooling T independent GLS| |
‘.. estimates of I, namcl}r F -“;. .f 2 ,f}, obtained by using cross-sectional || .
dalampenudsl}, T:. ! 3l = i
F=wxivr xr’ar: ,*Rr. m1,2,35T - rzah
That is, the mnnlhly eslimalor e _l'ar.;.-t.'k=0, 1 or 2 are sr_nall} i '
uncorrelated, and the pooled GLS estimator 7, is found as the nﬂghlu:l_ :
mean of the monthly estimates, where the weights are inversely proportional . |
to the variances of these estimates, | * . e L
v v i . e : 31
; L A= E e e . t {20 5
i 1=1 - 1 . i
% ' \-l
var(fy)= ) Z§ var(fy,), . (281
=1 B : i +
o i) ko 5 | ik g
Zy=[var(f,)] fE[\'ar{:r.. ) . _ {"9}1. Bl
For some of ihe results presented in s:c:ioneuch T 18 assumsd 10 bcﬁ f; B

drawn from a stationary distribution, and the estimates of §, and its variance | -
are . : P | 3

*: !-- fl.= EI {fu-‘lTL . {HJ]IE .
- | : i

: ? i

L T ' _ ; 1

"-"'al'f't:"[E. 1'.':14_7"-.]1fo?.‘”.]~ 0L «-[3”: :'

- -F
L4 "u i

A useful portfolio interpretation can be given 1o each of lh: 'I'.'H.SE

estimators [, in (26). Choose any matrix numbers d' order N, x N,, say W.' LS ﬁ
:i.:

| o ¥ d s PR Lo BLELY ..;..zmx,,_,.h.bmih.
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« such that (X; W,"' X,)"" exists. Construct an estimator, using cross-sectional -

o

‘ data in period r; as a i : :
Wi X )XW R (32)
k This estimator is linear in &, and unbiased for I". This estimator is a linear
combination of realized security excess returns in period ¢ From the fact that

X, W X)W X =, (33)

. | . ,
where [ is the identity matrix, it follows that the estimator for y, in (32) is
the realized excess return on a zero beta portfolio having a dividend yicld
equal to the riskless rate. Similarly, the estimator for y, is the realized excess,
return on'a hedge portfolio that has a beta of one and dividend yield equal
to zero; and that for 7, is the realized excess return on a hedge portfolio
having a zero beta and a dividend yield equal to unity. This interpretation?
can be given to any estimator of the form (32). When W' (or, equivalently,
the portfolio weights discussed above) is chosen so as to minimize the
variance of the portfolio return, the resulting estimator is the GLS estimatpr.
This is because portfolio ‘estimates as in (32) are linsar and unbiased by
construction, and by the Gauss-Markov theorem the GLS estimator is the
unigue minimum variance estimator among linear unbiased estimators [see

-~ = Amemiya (19721]. r o : 5

1t is not possible to specily the elements of the variance—covariance matrix

V."a priori. The task of estimating these elements is greatly simplified by

assuming that the Sharpe-single index model is a correct description of the

return generating process. THe process thal generates returns at the be-
ginning of period 1 is assumed to be as follows:

'R”=:"?ﬁu m""‘ln- ‘-=Ip2-r--l“'rrr ; {}4}
covlé & 1=, i f
_ =5’ =), (35)
- 1,=EIRHER_,-=U']. .

‘With this specification the element in the ith row and the jth column of
k. written as F{i, j) is given by ]
VL = BB ptan  I#)

= fuant S =,

ij=12...\, " 36) ,

'F of & srmular eaterpretation, se Rosenberg and Marathe (19783
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' i ol i | £ ]

i. 0 nﬂmmhrcmxﬂmy.mm&mﬂwmm .l
where- i \ ; ,. = ST 2 P TP -. J
Je e g i A ; ‘ﬁ. 8 i : 5 3
O mvar(R ) L %) : .3 I
|

Under these conditions the GLSJ i - 1L Wi {
: estimator of I" obtained :
period ¢ reduces to ined by using data in
a -
Fi=(X:97' X)) X;07 1R,

i

* row and jth column is given by n J+« . f
J £ L2 E 1 i

. : * . i
— 2n=0, sy . F 11
1 i =55 o -i=], h,l.“ '.21"-"\‘-': - : ‘ (38)

\"\\_.L_J-";_ G ) B X b i i .

In appendix A it is shown that this estimator is the GLS estimator for F.

. That is, a.m-:Terl the assumptions of the single index model. the estimator

minim:il:es the ‘residual risk’ of three porifolio returns subject 1o the
constraint that ‘the expected returns ‘on thess ‘portfolios are Yo- Ty and 7
rcs;tccm'tlyﬁThm estimator can be constructed as a hﬂ:rmd;:stic.ltmsfdrf
mation on R, and X, Define the matrix P, of order (V. x N} w :

v, g [N, = N,) whose dme_tg

PN =dls=0//5m  i=]

¥
2 (39)

i=]j

where ¢ is a positive scalar. Then [, can also be arrived at fn.:;m the OLS

regression on the transformed variables,
Re=Xrr+a, (40)
where . = ' =
Rr=PR, and Xr=PX, : i
. i

This is cquivalent to deflating the variables in the ith rows of & and X by
a factor proportional to the residual standard error 5. Note that Rlack ;lui
Sl-chulg (1974), who used the portfolio approach, assumed in addition 1o the
single index model that the ‘residual’ risks of all securities were oqual: that h.
they assumed that s,ms® for all i. Therefore, the Black-Scholes estimator
reduces to OLS on the untransformed variables,

Errors in rariables. Since true population f, variables are unm

i,

e,

L]
s

{ where £, is a diagonal matrix of order (N, xN,), whose element in the i:;h .

o

g
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estimates of this variable, ﬂ" are obtained from historical data. Thc estimated
beta is assumed equal to the true beta plus a measurement ermr uh

Ba=Butfe . | (41)

The presence of measurement error causes misspecification in OLS and

GLS estimators, and the resulting estimates of " are biased and inconsistent

[sce. for example, Johnston (1972). for a discussion of the bias in the

coellicients of a variable without error, here dividend yield, see Fisher

(1977)]. The estimates ff, are obtained from’a regression of &, on the return
of the market portfolio R, from data priot to periodet,

Y \i
!
i- . )

.-. . o s Tl

P, e

s . '.R_H'M"':"b""rk"x Rmmy,ﬁ;qdmﬁnﬂsﬂwpidmm '-il‘!

does not use the gmupmg approach tu cllrrurs in variables. Instead, use is

made ol' the measurement error in beta to amw ata mmﬂmt qsumalur for
|

I!n mnstru::ung the GLS estimator I‘F in (37), each variable has
deﬂated by. a factor proportional to the| rcsldual standard deviation.

— oyt

factor of prnpnrtmnalny was an arburarjr positive scalar. The structure of
our problem is such that the standard error of measurement in ) |

ay=(var(F, )}, is proportional 1o the standard deviation of residual risk,
5 —{'mrh'”j}i That is. if li'u.‘ Hme scrics rcunxmn model satisfies the Gﬂ

".. assumptions,

o i . . i

i ” ¥ ’ : : ; |
= R +é =t—60,t=59,....1—1. (42 { - et L ¥ - .
E.. Ill.+ﬂil ol e"r‘ % j \\\\_'._.-‘// "-"J_—hsq' z {R-:_R-]‘ ¥ * {43} ;
. T . r=i- 60 i 4
Since the Sir.'Elc index model is assumed, cov(é.é,)=0 and hence - { ; : i \
cov(f,,£,)=0. Il the joint probability distribution between security rates of o B : - _
return and market return is stationary, the variance of the measurement” where R is the sample mean of the market return in the prior 60 month

error var(f, ) is proportional to the variance of the residual risk term var(é,),
for each i. Since month r is not used in this time series regression, cov(g,, f)
=0. Note that this time series regression yields a measured beta, . its
variance var(d,).and the variance of the residual risk term var(é, )= s
-Consistent with prior empirical studies, the assumpuion E(é,)=0 has been
made. However, it 1s recognized that if the ‘market return’ used in (42) is not
the true market return, then the estimate of f, may be biased, as has been
observed by 'Sharpn: (1977), Mayers (1972) and Roll {1977).
Because of errors in variables, most previous empirical tests have grouped
stocks into portfolios” Since errors in mecasurcment in betas for different
securities, are less than perfectly. correlated, grouping mk} assels into

period.? Assume that 5 is known and let

. P =54, ; g [44):

in the definition of P in (39). Thus each variable in the rows of R and -.1 s

now deflated by the standard deviation of the measurement error in §,. IT B,
is used in place of #, (unobserved) the measurement error in.the deflated’

" independent variable, B* =B, /5, will now have unit vananee. :

Call the matrix of regressors used X2, which is simply X2 with f,
replacing f§,. Then

portfolios would reduce the asymptotic bias in OLS estiniators. However, 0 sy O
grouping results in a reduction of efficiency caused by the loss of infor- 0 f.fs. O ' o
: matior. The eMciency of the OLS estimator of the coeflicient of a single BraXre]. el o ) 2 3
independent variable is proportional to the cross sectional variation in. that ' : : N !
independent variable (beta). For the two independent variables case (dividend ! 0 J:"'_.;I,.f.:.,r 0] | . . 'It
‘yield and beta), Stehle (1976) has shown that the efficiency of the OLS . {45y
estimator of the coellicient of a given independent variable, using grouped ' :
data. - 15 proportional to 1he cross-sectional variation. in that variable where var(f,/s)=1. Then the computed overall stimator ;

i
|

|-

unexplained by the variation in the other independent variable, Since the
within group variation in dividend yield unexplained by beta is eliminated,
the efliciency of the estimate of the dividend yield coeflicient using grouped
data is lower than that using all the data.* For this reason the present study

*The vananix of the OLS estimator of the second independent variable (dividend yield) u
eqqual 1o the vanance of the error term divided by the portson of ite sariation that is userplaned
by the Gfu endeperaient vanable (heta) Therelore, unless the independent variables are

' ’ T | -~ |
uncorrelated sequential grouping prooodure a1 wsed by Black and Schodes (19740 are incficent |
relative 1o grouping procedures thal manmire the betwoen group vananon m drsdend yickd
that s upexplained by the between group vanation in beta ] i

"In the sctual evtimation, risk premiums were wsed That i L-—r,. wm reprownd on l;:,'
- to eatimate A a8 explained in soction 4 below, Thus o the computanon in (410 (R =1y, | |
ﬂ-f]umtdmpl.ndm_ R i 1
L€

ST — o
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T it :
E (T (46)
b where : " :
[=(8F R AR (47)
15 incunsl;lent. This 15 because
000 —1 .
o X R, (48)
p'li.m Fo=| Syepe+| 010 ' R
T 00 0 .
whr:r;: : |
'vl - i.. E ] '

Eyrgr= phrn—i---—

a4 rl i

This says that each cross sectional eit:mator is hiased even in large samp]cf.
Henee the overall estimator, being un arithmetic mean ol the cross-sectional

e lEMAalors, 15 |:|"Lor‘:n\|t.ﬂ1
Consider the following estimator in each cross sectional month:

P O 0 Oy -t e s
= LAY el i i (49}
;- ( 9 .(D 1 ﬂ')) N,
. . -+ 0 0
Then 3 .
' xR,
_ (50}
nlimf T
and
: XMERE)
i L (51)
_ P{ |:1I|r'1 f J Yy r

[hus cach crosssectional estimator is unbiased. in large samples, for [
“ute that a portfolio interpretation can also be given to (47). Since

el REER
ol N
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Fo o o]x™

|n'o|
Lo o o]

(52

e T

T

RH. th:tn'brr;n"\n\?ﬁx Rm;,?md&-ﬁgmﬂwmm g I!l I

|t I'ol]og-j that the estimator for y; in (47) is the realized exceds return on a
normal portfolio that has, |:n pmbaballt:.r limit, a zero beta and a divi

ield equal to the riskless rate. Similarly the estimator for y; (or 7,) is T.'h.n:

realized excess return on a hedge portfolio that has, in probability limit, a
ta of one (or zero) and a dividend yield equal to zero {or unity).

i | The overall estimatar, . !
| . g 2 i
! ARy ’ E o , | i
f= 3 (F4T), (53)
=1 i
éﬂmbin:s T independent estimates, and is consistent,

i : .
KN plm‘l []::hm ¥ [r,n']] (54)
o o {

|

‘It is shown in* appendix B that, if £, and £, are jointly ncrma] and:
mdependcnt then [, is the maximum likelihood estimator (MLE) for I’
using data in period

-1. Data and results ) -

| Data on security rates of return {Ry) were obtained from the monthly

_ rclurn tapes supplied by the Center for Research in Secunity Prices (CRSP)

at the University of Chicago. The same service provides the momthly return
on a value weighted index of all the securities on the tape, and this index was
used as the market return (R,,) for the time series regressions. From January
1231 until December 1951, the monthly return on high grade commercial
pap-cr was used as the return on the riskless asset (rp,): from January 1952
u.nul December 1977 the retum on a Treasury Bill (with one month to
m:ltunt}]l was used J'ur.,jf, Estimates of each security's beta, f. and ifs
associated standard error were obtained from regressions of the security |
excess return on the market excess return for 80 months prior 1o 1, I

(35) 4

R;,mrﬁ=:_-,+ﬁu|:.q_,,— Frobrd,  tar=60=-59. -1
. ¥

i This was repeated for all securities on the CRSP tapes from r=1 {January .
1936) to t=T =504 (December 1977 January 1936 was chasen as the initial
month for (subsequent) cross-sectional regressions because that was uhcn
dividends first became taxable,

{ To conduct the cross-sectional regression, the dividend vield vanable i, '|.
w.u computed from the CRSP monthly master file. This is
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d,=0, - Lo t 2

11' in month : security i did not go ex—g ﬂ::l:nd' or il it du.'i.l it was a noo-
recurring dividend not anndunced prior 1o month t; .| ; -

d' =jj_ .'Fu‘ i .l t
| ]
|I' in month 1, security i went ex-dividend, and tha dollar ta.xablc ividend L‘!

rcr sha_re was announced prior to month 1; and
.o
i in rnanlh t security i went cx-dmdcnd and this was a rtt!urrmg dividend"
ot prcuuush announced. Here 0, was the previous (going back at most 12
onths), recurring, taxable dividend per share, adjusted fnrJ any changes in

hc number of shares nmmndmg in the mlcnm. where P, ., is the closing

rlcc in month = 1.

This construction assumes that the investor knows at the end of each

onth whether or not the subsequent month is an ex- dmdend month for a
irecurring dividend. However, the surrogate for the dividend is based only on

Snfarmation that would have been available ex ante ta the investor.

dy=Dy/P,-\.

! The. cross-sectional Yegressions in cach month provide a sequence of

estimates | (on e Fah =12, 504} Three such sequences are available:
Lh-: first uses, OLS, the mond uses GLS and the third uses maximum
\likelihood estimation. The econometric procedures developed in section 3

apply equally well to thesingle variable regression, excess returns on beta -

lalone. This corresponds to a test of the two factor Capital Asset Pricing
|"r{ndcl, as in Black, Jensen and Scholes (1972) and Fama and MacBeth

[11973)) ) ;

f=1,2. 0Ny (m1,2,..,504,  (56)

R" o r,p‘l - ?;} + Trl ﬂ" + I’;l-l"

' where g i, is the deviation of R, from its expected value. These cross semnnal
regressions provide three sequences {(ip. ik 1=1. 2,...,504), the first using:

OLS, the second using GLS ‘and the 1h1rd using maximum likelihood '

ﬂilimlllﬂﬂ F
The estimated coeflicients were shown to be realized excess rates of return

on portfolios (with certain characteristics)® in month ¢ It is assumed that the
excess rates of return on these portfolios are stationary and serially un-
correlated. Under these conditions the most efficient estimators of the

*Sox section 1, and s appendiz A
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E-Idirtpma'bm't i m'fnmtd BCTORE SCCUTINRES I & fven mh?\upmm r
T'm.-rr,pn.n-rm'lann-l![‘cze-m-m';-i.ruhuu'h:L J

_.:._'_ﬁ..':.

-

Rm_r, Td'.t-n, Jﬁﬂmﬁ”wmm i ;_'.]

iuf I.umb: and X:
:xp'-mtad c:cesd return ;un‘ hese pérﬂ'uhu-s would be the un m:u.ns
tcn:l
ﬂw monthly n:almd excess returns.  The sample vmanr :l!l the mun

ries sample  variance .of ﬂ'lc respective
remrns d‘mdﬁd b:,r the nur bcr c:t' munlhu." >

l iap L _suc 2 : Rkl
J : n=l_Zl ;;,/504 f-u 1 P YA L O i 4- {5,}
li i -H ; Lo adii i o
’ w{n}—!f{ /(504 - T !
A .=l fh Ry P _ [53]
samiiar cnmpulalmn is made for §; and ;. S H -' H

The three séts of estimators of ye, 7,"and 7; (and of 75 md 1) and ﬂn::r |
rque::l;v: t-statistics for the overall period January 1936 to December 19?‘1

lare provided in Panel A {Panel B) ul' tab!c I_ : I
ui i i

| : .'

| Table 1

El‘mhd time series nnd crod) section estimares of the afler-tax ind the before-ax C.-\PM 1936~

1977

Panel A: Aler-tax model Paoel B: Bdore-tax moded :

IP:I'DC:dUJ‘C o i 7.'.: 7‘! ¥ fl . !

OLS 0.00616 0.00268 0227 000681 Loz ']

i 14.37) iL.51) (&3] 4.84) (126)

GLS 0.00446 | 00034 a2M 000516 Q.00M2
11.53) {1.57) (8.24) 14.09) 183 -

MLE 0.00163 0.00421 0238 000443 - o0 |
(263) [1.58) (547 322 (162 i

*Notes: The alier-tax version correspands to the regression

i B :

#i""’J"l'?0+T|ﬂi+h“‘t_’n}+zr fml 2. Netml .. T .
The before-tax version cormesponds 10 the regression

f=1,L.. N.t=l2.. T

e el 1m L2 T) and (ffit r= 2L T
averages of this time series: for example, !

f|q£%1r [} i ¥ bk T

where T = 504, u
uhﬂ:j-: Ty Hlllnhﬂ are w parcntheses under m‘h cooffecaent, and thay reker .J "41

"
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. The, OLS and GLS estimators are * biased | and” inconsistent due to
méasutement error in| beta. The maximum likelihood estimators are con-
sistent consistency is a large sample property and for this study the monthly
cross sectional regressions have between 600 and 1200 firms, and there were

504 months.” In Panel. A, table 1, the MLE estimator of y, is about 60. -
percent greater than the corresponding GLS estimator. Consistent with prior .

. studies, the MLE estimator of y, is significantly positive, indicating. that

investors are risk averse. Also consistent with prior studies, the MLE-

estimator of 74 is significantly positive. In Panel B, tests of the two factor
model are presented. Note that in both panels, the GLS procedure results in
an-increase in the effigiency of the estimator of y,, which is ; () in Panel A

[(Panel B). Coosistent with prior tests of the traditional version of the Capital

Asset Pricing Modecl, the null hypothesis that 75=0 is rejected. Consistent
with investor risk aversion ; is significantly positive at the 0.1 level
Explanations for a positive intefcept (yo>0) include, in addition 1o margin
consiraints- on borrowing, misspecification of the market porfolio [see
Mayers (1972), Sharpe (1977) and Roll (1977)]; or beta SErving as a surrogate
for systematic skewness [see Kraus and Litzenberger {19767]. ’

The coefficient of the excess dividend yield variable, 7, {Panel A} is highly
significant under all the estimating procedures. The standard errors of the
GLS and maximum likelihood estimators of y; are about 25 percent smaller
than that of the OLS estimator. The magnitude of the coefficient indicatés
that for every dollar of taxable return investors require between 23 and 24
cents of additional before 1ax return.

While the finding of a significant dividend coefficient contrasts with the
Black-Scholes (1974) fTnding of an insignificant dividend- effect, the magni-
tude of the coefficient m table 1 is consistent with their study, The dividend
yvicld findependent) variable they used was (d,—d,)d,, where d, was the

. average dividend yield on stocks. Since the coefficient they found was 0.0009,

and the average annual yield in their period of study (1936-1966) was 0.048,
their estimate of 7, can be approximated by 0.0009/(0.048/12), or 0.225.

[t has been assumed that the variance of the estimator of I' is constant
over time. If; due to the quarterly patterns in the incidence of dividend
payments, the variances of the estimalors are not conpstant, the equally
weighted estimators in (50) are incfMicient relative to an estimator that
Jaccounts for any seasonal pattern in the variance. Since dividends are usually
paid once every quarler, it is possible to compute three independent
estimates of I by averaging the coefficients obtained in only the first, pnly
the second and only the third month of each quarter. These three estimates of
[ may be weighted by the inverse of their vanances lo obtain a more
eificient estimator. This is provided in table 2. As can be scen from this table,

"Conustency here n with respect (o the overall estimator s0 one 1akes probability hemits with
redpeet o § and with respect (o N, See section 3.

130140-OPC-POD-57-195

q‘!’ﬂf K. "ﬂmﬁh:?'#ﬂ. dmmwnﬁupﬁ %

the overall estimator for y; is very close to the MLE estimate in table 1-The
esyimate.of the' standard error of ;" is approximately the same for the first
two months, but about 30 -percent less for the third month. i 4R

: i T 13
s i

¥ T

., Table 2

% R . ¥ i :
Fooled time series and cross section estimates of the afiertax CAPM: 19361977 " | -
n (based on quarterly dividend parierns)* ; =0

Month of quarter T wo Py = . T
i First : 0.00748 0.00770 'u:xs.\sz
: (0.00234) {0L00379) {0L05418)
= Second 0.00212 0.00071 023531 |
! 10.00232) (0.00335) 005034) i
1 Third ’ .
\_ T TR 0.00359 015340
e - -l0.00248) [LO04E3) f0.03534)
Overall 0.00373 . 000383 QIrIzs ..
estimate . [0.0013T) (0.0021%) OLOzEE)

C M - 3
*Notes: The after-tax version corresponds to the regression

Ru=rn=ro+rifutyald,—ryh i=L2._N, i
: This regression is performed across securities in a gven wooth f. Maximum
i likelihood estimation i3 used. The reported cocffickents are arithmenic averages of
’ I:ht_ coeflicients oblained over time (soe pote 10 tahle 11 The first three rows ese the
i estimates from oaly the first, only the second and only the thid mosths of cach
quarter, There are 168 months' estimates in each row. Standard errocs are im
parentheses under E'-‘!I:I'l,r cocflicient. The ‘overall estimartes” wse the ciimares m each
row above, weighted inversely by their variances. :

L]

It may be inappropriate 1o treat y, as an intertemporal constant: in the
abs.nl:ncc of income related constraints on borrowing. y; s a weighted average
of individuals’ mdrginal tax rates, which may have changed over time
A:ssume that investors have utility functions that display decreasing absolute
risk aversion and non-decreasing relative risk aversion. Assume in addition
that the distribution of wealth is independent of individual wtility functions.
Under these conditions the weight of the marginal tax rates of individuals in
the'higher tax brackets would be greater than that of individuals in lower lax
brackets. Holland (1962) has shown that from 1935 to 1960 there was no
pronouniced upward trend in the marginal tax rates of individuals with
taxable income in excess-of $25,000. To examine empirically whether there is
evidence of an upward trend in 3, over time, the maximum likelihood resulis
are presented for six subperiods in table 3. The estimators of 7, for the
subperiods were consistently positive and, except for the 11955 to 12/1961
period, significantly different from zero. There does not appear 1o be a trend
to the estimate. . o

i
]
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_‘.'h'mcs: The afier-tax version corresponds 1o the regression _
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Mazimum hkchhm-d'numr.mntls used for the cross ui'liu_nal rcg:r.-ssinbr:.l
The reporied coellipents are arithmetic averages of the coeflicients esumale
0 ll:.c months in the peniod (sce nole 1o 1ah1:l 1} e-stalstics are in
parenthess under each coxciliciznl.

i ible that the“positive coellicient on dividend yicld is not a 1ax.
cETI.:::::mﬁI;kin nnn-cx-'dri'f?di:nd months the effect co:pplclcly reverses :ts:f:
If dividends are paid quarterly there would be twice as many ]m-n{m
dividénd months as ex-dividend months, Thus, a mrﬁ;ﬂlcic reversa :uu__
require a negative cffect on returns in :ac'l'll .lmn-d'x-dl\'id:nd‘mnlnth l ayb{:
halfl the absolute size of the effect in an ex-dividend m::mth, It is also poss:_lh
that a stock’s dividend yield is a proxy for 'ht. covariance of its return mk
classes of assets not included in the value weighfed index pf NYSEP s:doc ;
used “to caleulate betas in the present study. If the coeflicient on dividen

“yicld is entirely due to the effects of omitted assets, the effect in non-ex-

dividend months should be positive and the same size as the cflect ifl ex-

dividend months. e )
In order 10 test whether there is a reversal eflfect or a rc-mfnynng_ :l‘!‘m“;;:
M L . n 3.
non-ex-dividend months the following cross-sectional  regression

estimated: -~

R-r" Fr™=Ta +?Lﬂu+?1{'§udﬂ P r;‘l} +?1{“' _"slr}J:} +Iu' '
' ; : : f=l2.. N.  159)
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if month t was an ex-dividend month for a recurring dividend;

- - l.“ L { o 12 )

SR R AR e : Ll raees

E mmmcwxmjﬁmm.nd pitol cexet prices |
gl Al ¥ '.'.. P, T -, e : ! - 4,

where:} -3 < 2 hv e e ey e

-

=D P

= : i i i - 5 . :
Lif a dividend was announced prior to month t, to go ex-dividend in month

r;i
da=DufPuy I 3 I s
E atherwise; and : Vi % g :
; : 5“__:1. e ' - ' -

- St T
"'.{'F_ =0, i e Ty

| i : 1
“otherise. : Tk 154
The variable (1-4,)d2 i5:intepded to.pick up the effect of a dividend
payment in subsequent, non-ex-dividend months. The variable §.d0 'is
“identical to d,,'the variable used earlier. I dividends are paid quarterly, and
y» is negative and has an absolute value half the size of 7,, then one can
conclude that there is a complete reversal over the course of the quarter 50
that there is no net tax effect. On the other hand, if there-is no reversal 4,
should not be significantly negative. R
The MLE estimates of the coefficients in (52) are presented in table 4. The
estimated value of #, is positive and significantly different from zero:! this
rejects the hypothesis that there is complete reversal. : B
The significant positive y, is evidence of a re-inforcing effect 'in non-ex-

dividend months. Il the, coeflicient on dividend vield is eatirely annbutable

i Tablk 4 £
Pocled ume series and cross s-ﬂ:!wllq test of the roversal effect of divadend
_yiekd; 1936- 19770

% .0 i h i '
0.001 84 000493 032784 s o L
. nm 217 (1.31) (187 : ;
" sNotes: The regression performed in ench month b . i i
Ro=tpmtetifat maldade =l 4nsll =8, 4 4 et

4 i ‘ t=Li..T =
Mavimum hkchhood axtimation s used ki the crot-sectsnal reproscson., i
The reporied coclficents are anthemetic averages of the cocfionts

each month (we note 10 tabke |) ratatindes are o pareathess wnder

each cocllicsent. =

.
PR
P

SMFTTEMIE SRR
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to the effect of omitted assets y4 should be the same order of magnitude as
ys. Il the effect in ex-dividend months exceeds the combined effect in the
subsequent two non-ex-dividend months y, should be more than twice as
large as yy. $3—29, is 0.1214 and bas a t-value 6f 2.79. Thus, the :iInt:.'t in an
ex-dividend month is more than twice the size of the effect in a non-ex-.
dividend month. This evidence suggests that the coefficient on dividend yield
in ex-dividend months is not solely attributable to the effects of missing

*‘assets and that the effect in an ex-dividend month exceeds the combined

effect in the subsequent two non-cx-dividend months. IT the effect in non-ex-
dividend months is asserted 10 be entirely due to the effect of missing assels,
the difference §, =4, =0.225 is an estimate of the tax effect. However, further
theoretical work on the combined effects of transaction costs and personal
taxes in a2 mult-period valuation framework is required to be able to
understand the cause of a significant yield effect in non-ex-dividend months.
For the present it seems reasonable to conclude that 0.225 is a lower bound
estimate of the tax effect.® I

The empirical evidence presented by Elton apd Gruber (1970) on the ex-
dividend behavior of common stocks suggests that the coeflicient on the
excess. dividend vield term may be a decreasing function of yield. :rhc
theoretical rationale for this effect is that investors in low (high) tax brackers
invest in high (low) dividend yield stocks: a possible explanation is that
institutional restrictions on short sales results in a segmentation of security,
holdings according to investors’ tax brackets. To provide a simple test of this
‘thentele’ elfect. the coeflicient ¢ in (22) is hypothesized to be a linear
decreasing finction of the ith security's dividend yield. That is ¢, which is
now dependent on i 15 written ¢, and given by

e, =k—hd, (60)
where k. k=0 and the hypothesized relationship is :
EtR)=ry=a+bfi,+ (k—hd)d,—r/). i61)

The geonometnic model is

"It meght be arpued that the perssient dividend effect is duc 10 the fact that the dividend
varable vwed scorperater bnowledpe of the ex-dividend month, which the investor may nod
Wave, To tevt whether thus introduces spurious correlaffons between yields and returns the
variable (47 §) was used 0 the cross-sectional regresnnn (231 The vanable does not incorporate
brerwledpe of the er-dividend month except when it was announced, [t is divided by 1 50 as to
ditribute the yeld over the thiee months of every quarter. overall extimate (1936 1977) of
7m0 X9, with 2 rvalue of 3 57: one cannot atinbute the earller results due to knowledfe of ex-
diudend moaths Thu 1 cotuntent with the Roncnberg and Marathe (1978) stady. Note that,
fhis eatimate u boewer than the total effect in table 4, which is fi 4+ M, =031 The lower estimate
B atinkiable lo constrarnung the coofficient on yield 1o be the tame in non-cx-dividend maonihs
and ei-divadend menibg
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‘where the estimate of k js y, s 7,
i ¥z and that for —h is
approach is used in each cross sectional essi g
oF My u
presented in table §. i, . e

8% o Table 5 ; L
Pooled time series and cross section test of the clintele effoct: 19361977+

fﬂ fl : f-l' f‘
0.00365

0.00425 L ‘
e 0.3386 i : :

-692
- (1.B8) (6.60) - {(=L7

*Notes: This_correspo

d 3 ? H
b s to the fo.IIumn; Tom-sectiona) regression in :

Re-tn=totnbetnibe-r)rdide-rd+e.  imta..nv. ° 1%

R R T

=12 T

Mazimum likelibhood estimation i3 wied for : 2 regTeREon
) the cros-sectonal |
The reported coeflicients are arithmetic averages of the- coeflicents in; '

cach month (see note in 1 - i i
- rihly able 1) r-statisths are in parssthesey m;la

Consistent with the existen i i Xesib)
estimate of y, is significamtly :o:;:i?\:c::T:::en:ﬂ c:: e e
bc_th at lh:: 0.05 Icw:I.’ The magnitude of ¥u sugg-u:s that for every percenta;
point 1o yield the implied tax rate for ex-dividend months d:dT by ﬂﬁsﬁ
:I;a;r;:;?::zﬁ irc:ggan;;l yield was 4 percent, the implied 1ax nF: n:mu li

0 ¥ D336-6.92 (0.04/4)= 0268, i v
empirical evidence supporting a clientele mtﬂzgglﬁﬂﬁ‘nmﬁm?
research that rigorously derives an- equilibrium model that i okt o
institutional restrictions on short sales, along with personal Lu:xl

*5. Conclusion ‘

In this paper, an afier-tax version of the Capital Asset Prang M

derived. The model extends the Brennan after-tax version of the CAPM 10

incorporate wealth and income related constraints on borrowing along with -

& progressive tax scheme. The wealth'related constraint 1

on bormro
l:l: l:lxpu:md relurn on a zero-beta portfolio (having a dividend vicd “n:q::ﬁ
the mi:.l-u: rate) to exceed the riskless rate of interest, The income related
constraint tends 10 offset the effect that personal taxes have on ihe

| L

7a 1 significantly negative, -

hﬂ(‘l‘[‘{h:hl“,hﬁ- i
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equilibrium strutture of share prices. The equilibrium rela I'a'nsh.ip indicates
that the before tax expected return on a security is lin ed 1
systematic risk and to its dividend yield. Unrestricted supply, n_djustmc:lt's in
corporate dividends would result in the before tax version of the CAPM; in a
world where dividends and interest are taxed as ordinary ipcome. If income
_telated constraints are non-binding and/or corporate supply adjustments are
restricted, the before tax return on a security would be a 1 increasing linear
function of its dividend yield. [

Unlike prior tests of the CAPM that used grouping or instrumental
variables to correct for measurement erfror in beta, this paper uses the sample

ly related tp.its

II

;‘-hm;n in each period, for investment in assets' i=1,2,.;",
{from the text the excess return on such a portfolio is givéu

(et ||

k : +T:[Z-‘:u{d¢,-—r,,]]:1-zhah;_'
LA | i i

*

return of a specific p ek : PR . :
specific portlolio. Suppose portlolio weights {F!.;:"-I[} 2.:.N,} are
. Using eq./(23)

'
R e

e

: i ' i . PR b |
estimate of the variance of observed betas to arrive at maximum likelihood

estimates of the coeficients in the relations tested. Unlike prior studies of the : b
elfect of dividend yields on asset prices, which used average monthly yields as ; i : : e : :

2 : : ity | PR i 2 an i b = ki . ) - .
a surrogate for the expected yield in both ex-dividend and non-ex-dividend Nl , To JZ =1, : ;huﬂu_.ﬂ. ;_ﬁn (dy—sp)=0, . &5

‘_Thc expected excess return on this portfolio is

*
A — i

months, the expected dividend yield based on prior Enl’arfnation is used for
ex-dividend months and is set to zero for other months, |

The results indicate that there is a stropg positive relationship between
before tax expected returns and dividend yields of cuu_'lmcn stocks. The
cocflicient of the dividend yield variable was positive, less than unity, and
significantly different frem zero. The data indicates that for every dollar
increase in return in the form of dividends, investors rcquife an additional 23 .

* cents in before tax return. There was no noticeable trendl in the coelficient

over lime. A lest was constructed to determine whether the effect of dividend
yicld reverses itsell in non-ex-dividend months, and this hypothesis was
rejected. Indeed, the data-indicates that the effect of a dividend payment on
before tax. expected returas is positive in both the ex-dividend month and in
the subsequent non-ex-dividend months. However, the combined effect in the
subsequent non-ex-dividend months is significantly less than the effect in the
ex-dividend month. . | ’

Evidence 1s also presented for a clientele effect: that is, that stockholders in

higher tax brackets choose stocks with low yields, and vice versa. Further ; ¥ ! §
work is needed 1o derive a model that implies the existence of such clienteles A : 3 } %
and to 1est its implications, ‘ ;hﬁﬂ“ - +‘?“‘hr"r" = i
Appendix A ¥ subject to the unbiasedness crnn-.ln:mn. i equivalent 1o m:zftmi:mg l
In this appendix it is shown that the estimator for I", given by . [ | LM, ¥ 5,
| [+ N : %

fi=1X,07 X, X0, R, ' "

using data in period 1, is the Generalized Least Squares (GLS) estimator for
I" under the assumption of the single index model. It was shown in section 3
of the paper that each estimated coeflicient corresponds to the realized excess
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fo il Fhy=0, Thp,=1,
i i

~ ! if ﬁ"=ﬂ‘ i 2 =
i2 iE ?huﬂn 0,

iZﬁu ‘dw"rﬂj=&.
T huldy=rp)=1.

Under the assumption of the i e 1d
I single index model, the vari
on such a portfolio is, from eq. (36) in the text, Sl ¢ il

‘ar(g hﬂ tRir T r_rr i) - (E '&ir-ﬁi: -“-f :-E h;"d‘
i LY | i

Suppose one wishes to minimize the variance of the excess return on such'a

portlolio subject to the condition that the expected excess return. on the

portfolio is, in turn, y,, + or i it
: h For 71 OF ¥;. This condition enforces 1
Zero or unity. Hence minimizing SR T

]

the ‘residual, risk® of the portfolio subject 1o the unbiased

Thus._on: 18 using the residual risk of the portfolio as the m-m"n
:nl‘orlmng the unbiasedness condition. By construction, IIJ. is the diagonal
matrix of the residual variances % and by construction, [, i linear and
unbiased for I", The variance of the estimator has been minimized undek the
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single index model. But by the Gau_ss—l;h!a:‘::m_r thw:::i 3:6 (:;:.HS‘: n?'jl?;a::; _
i i in (36) as the variance—<o . ]
e s S i d unblased. estimators.
ique mini ariance citimator among linear an _ ‘
:F:::: F‘u ?ﬁﬁréw estimator furl I, under the assumption of the single .
T

B
Ap:?:i: f:t:tiqn. it is shown that ur!.der ::;T conditions, £, in [49? is the
m?;{:t“;;‘:“::i?dlﬁ::m:;:f:;T ::'rlzlfs:il:h l:;lh:i:éﬁcz:?;m T;rﬁi,n t?}l‘.’;l} ::
i jvariate normal, the :
e e i ot iy G O T e
lhs l:faﬁﬁr[::i;:icdtrgn:d in (39), with ¢ =s5./q;, 10 write the model as

|
' B.1
s=vops+iBR T T EL - {_1 )
and the observed beta as i
Bi=P ' (B.2)
s=f+i
. where
RI: - 1Rll = r.l'r*.'.‘za'| P: - !n'l-"'n ﬁu'r -~ ﬁ]:l'l-’]l
: 5; - ﬂu‘::l* d; = Edu e ]n'r:'u El'r ='€I||'I-11'|
and -
(o =1ly'5
; v
Define the vanahle .
3 B.3
M= }; Ly .""u-l; N, - (B.3)
ER! I

as the raw co-moment for a gu"-.:n sequence |1% Yok i=1,2,...M}) 111._“
from (B.1)and (B.2) [

-

¥ i : (B.4),
mbr—hm,.,+?,m,-r+?:‘“rr + Mpe s
mae g = 10 (Mg o+ e )+ 11 [ g ¥ M) :

+r,tm,..,.+ Mippe] # Moot Mg (B.5)
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_ _f}_l.'.:!-i;‘“'f':;m_.-q+'I'.Fim,r:r‘.|'?:m¢-r+’_"i_-r- F ; '__ L3 i3 ‘;553 :
e if".l'r;‘.-"'rr*:‘";"':r*;v-s. . : . ; : {IBTJ
. : ,Emjfi*""rr'i'z."l".l_-r-"‘m.'-i-- : :; . vkl E] :
g Mg g L3 Lo i {B{,ﬁ;'
_I|:| these sur. f:qualiuns, take expectations and use the fact ti':ai
-~ EeE@=0 - SR R
\_/ E@@m=o’ _ SR
E@o)=EWdd1=) . - . q.:

The left-hand side of each of (B.4) through (B.9), after taking upﬂctﬂnns.

corresponds to the population co-moments of the subscripted variables |
If ¢, and g, are independently normally distributed, then the correspond-
ing sample moment is a maximum likelihood eStimatot of the population
parameter.. Replace these expected values by their maximum likelibaod
estimates. There are now six equations for the six unknown parameters Ton
Tir Y2 Mg, Mg, and mg. .. They can be solved for the coclficients of

interest from the. following “normal’ equations, which are in term$ of

observed sample estimates.

»

Mg e =T Mg Py Mg o+ T3 Mg = (B.11)
- w

na;.j.=]'um,,j.+}'1{rn;.;.— Ly +7:ma s (B.12)

Mpe g =ToMp o+ 71 M o+ 72 M o JAB.13)

|
and are themselves maximum likelihood [see Mood et al. (1974, p :Sﬂ].;
" The solution to this st gives cstimates 7, k=0, 1.2, which arc embodiad in

"H'?]. They are functions of maximum likelihood cstimales. Note thal in -

addition 1o (B.4) through IB.QL one could write an equation for me ..

_"“i*'r"Tgmp-r+}'E’“rr+*}'g’"¢-p+2?oh“'rr= .
+2Tn‘i‘z"'-rr+ Ry IS 21 P +h‘nm,.'rr- +2rymep - (BIE)

+ 3 Me e+ M
If we take expectations, using (B.10) and the fact that

" a i "I . T
; . i: i 3
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N =3 - BT ! "

" 1 ! o E'[I
a B El'm"F'isE E N.I' e
: ) . i=17i : . : ; .
AT 9 U
= =Ty "? __'d"
Nr|:| Jl'l -'\'l : i

we have ) _
2 : 2 .
Eimp. g) =70Mp 71 "‘_a-,u-"'hmrr*'zmumrr

+ 2072 Mp et 2 2iyamp st 9N sa{EHER)

v.hn:n:r,'r is assumed known.
By wrting down the likelihood function and maximizing

analogous case, Johnston (1963) demonstrates a maximum likelihood esti-
mator over the parameter space (yo. 71, 2o B for i=1, 2.0, N, ) This has
the undesirable charactenstic that the parameler space grows with the
sample size.” It wurms out in our problem that ¢ is assumed known. If this ¢
satisfies (B.15), when in (B.13) we usc the sample co-moment estimates for
the population parameters, then Johnston's M.L. pm-c:_cdure cmnmdtes mt_h
the solution to (B.11) through (B. 13). Whercas our eslimators are lingar in..
the returns and can be interpreted as ‘portfolios, the expanded parameter
space estimator in Johnsmn is non-linéar and has no such analog to theory.
Thus conditional on ¢* coinciding with the residual variation in the sample,
r estimates. the estimator in (49) is a mazximum likelihood estimator

it for an

LSIng ou
over the parameter space (Y0 Fa=T2)- "

*4ee Kendall and Stuart (1973, cvpegially pp. 62 and #02)
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